Let CC (d, 2) and AC (d, 2) be the largest order of a Cayley graph of a cyclic and an Abelian group, respectively, of diameter 2 and a given degree d. There is an obvious upper bound of
Introduction
The degree-diameter problem is to determine the largest order n(d, k) of a graph of maximum degree d and diameter k. Since history and development of this problem were summed up in the recent survey [14] , we just recall a few important facts. For all d ≥ 3 and k ≥ 2 we have (1) where the left-hand side comes from undirected de Bruijn graphs and the right-hand side is the well-known Moore bound, of asymptotic order d A number of constructions in the degree-diameter problem use Cayley graphs. We recall that for a group G and a unit-free generating set X of G such that X −1 = X , the Cayley graph C (G, X ) has vertex set G and a pair of distinct vertices g, h ∈ G are joined by an edge if and only if g −1 h ∈ X . Note that the latter is equivalent to h −1 g ∈ X and therefore our Cayley graphs are undirected and regular of degree |X|.
Cayley graphs have been extensively used in the computer-aided search for lower bounds on n(d, k) for d ≤ 16 and k ≤ 10. Indeed, a considerable proportion of the record-large graphs kept in the on-line table [15] are Cayley graphs; we also refer to [10] for the latest findings. This gave rise to the study of the Cayley version of the degree-diameter problem, which is to find the largest orders C (d, k) of a Cayley graph of degree d and diameter k. All the known general bounds on C (d, k) are, however, in terms of a logarithm of the order of the group, resulting in a substantial lack of precision; see [14] for details.
In the absence of general theory for the Cayley version of the degree-diameter problem, research has focused on restricted classes of groups. An obvious class to consider is Cayley graphs of Abelian groups, or Abelian Cayley graphs, for short. Let AC (d, k) denote the largest order of an Abelian Cayley graph of degree d and diameter k. Although Abelian groups ultimately cannot contribute to the search for record-large graphs for the degree-diameter problem, they are an important building step in understanding Cayley graphs in general and therefore worth considering. Indeed, bounds on AC (d, k) have recently been studied quite extensively, and we again refer to the survey [14] for more information.
The most general result [5] states, for even degrees d = 2δ, that there exists a constant c not depending on d and k, such that for any fixed δ ≥ 2 and all k,
Bounds on AC (d, k) of a different type can also be found in [7] , with the most important example being
Exact values of AC (d, k) are hard to determine. Methods based on lattice tilings (see [5] and references therein) seem to work well for small even values of d, giving the exact values AC (4, k) = 2k 2 + 2k + 1 and very good estimates for AC (6, k) . Rather surprisingly, at the other end of the spectrum, for diameter k = 2, extremely little is known. This case, namely, Abelian Cayley graphs of diameter two, will be central to this paper.
It follows from (2) graphs of metacyclic groups, that is, of semidirect products of cyclic groups, are considered in Section 4 for general degrees and diameters. We conclude the paper with discussing related question.
Cayley graphs of Abelian groups
We begin with deriving a refined upper bound on the order of an Abelian Cayley graph of diameter two and given degree which reflects the structure of the generating set. Let C (G, X ) be a Cayley graph of an Abelian group G of diameter two. Let X = {x 1 , −x 1 , . . . , x s , −x s , y 1 , . . . , y t } where x i are non-involutions while y j are involutions, 1 ≤ i ≤ s, 1 ≤ j ≤ t; the graph thus has degree d = 2s + t. Obviously, C (G, X ) has diameter 2 if and only if every non-identity element of G which is not in X is a sum of two elements of X . The number of 2-element subsets {u, v} of X such that u + v ̸ = 0 is equal to d(d − 1)/2 − s and the number of elements u such that u + u ̸ = 0 is equal to 2s. Therefore, |C(G,
where t is the number of involutions in the generating set. Since t ≥ 0, we
which is the bound (2) for even degrees and k = 2.
As regards known lower bounds, a folklore inequality
follows from considering the Cayley graph for Z ⌊(d+2)/2⌋ × Z ⌈(d+2)/2⌉ , with the generating set consisting of all pairs (x, y) with exactly one of x, y equal to zero. This is likely to be far from best but works for any degree d. For special infinite sets of degrees, however, we offer better results. We begin with the one which is modification of a construction in [18] and, at the same time, was the starting point of this research. 
Proof. Let F = GF (q) be the Galois field of order q and let F + be the additive group of F . Consider the group
Clearly, X is a symmetric unit-free generating set for G and we may introduce the Cayley graph C (G, X ), of degree d = |X| = 3q − 1 and order 3q
We show that every non-identity element of G which is not in X is a sum of two elements from X . The key is to observe
are generators (including the unit element of the group) and therefore need not be considered. Further, observe that
By symmetry we have a similar result for (a, b, −1). This all shows that C (G, X ) has diameter 2, implying the inequality in the statement of our theorem.
Adding more generators into the set X constructed in the above proof does not increase the diameter; note, however, that here we only have non-involutory elements at our disposal. This way one obtains Abelian Cayley graphs of diameter 2, degree d = 3q − 1 + 2r, and order 3q 2 , for any 'reasonable' (that is, not too large) r by adding r new elements to the generating set. In particular, one could take 2r = q − 1 and obtain the corresponding graph of degree 4q − 2. For such degrees, however, we have a much better result.
Theorem 2.
Let d = 4q − 2 where q is an odd prime power. Then,
Proof. Let F = GF (q) be the Galois field of order an odd prime power q, with additive group F + and multiplicative group F * , and let G = F + × F * × Z 6 . We still use 0 to denote the identity in both F + and Z 6 (no confusion will be likely) but we will use the symbol e for the multiplicative identity in F * . For any x ∈ F * let a x = (x, x, 1), b x = (x, e, 0), and c x = (0, x, 3), with
}, and form the Cayley graph C (G, X ). Obviously, the degree of this graph is d = |X| = 4q − 2 and its order is 6q
We will prove that any element of G is a sum of at most two elements of X . Since X is closed under taking inverses, it is sufficient to do so for all elements of the form (x, y, z) where x ∈ F + , y ∈ F * and z = 0, 1, 3, 4. Accordingly, we consider four cases.
We begin with z = 0. If x ̸ = 0 and y = e we simply have (x, y, Since the group used in the proof of Theorem 2 contains involutions, by adding r of them to the generating set yields, for 'small' r ≥ 1, Abelian Cayley graphs of diameter 2, degrees of the form 4q − 2 + r and order 6q(q − 1).
Cayley graphs of cyclic groups
Obviously, the 'prime' examples of Abelian groups (and of groups in general) are cyclic groups. It is therefore of interest to consider this important special case separately. Let CC (d, 2) be the largest order of a Cayley graph of a cyclic group which has diameter 2 and a given degree d.
The reader may have noticed that none of the examples in the previous sections were Cayley graphs of cyclic groups. As the first result we offer a construction of Cayley graphs of cyclic groups which have diameter two, arbitrarily large degree 
Proof. Let F = GF (p) be the Galois field of order p ≡ 2 mod 3, with additive group F + and multiplicative group F * . Let
; since this is a product of cyclic groups of orders that are pairwise relatively prime, G is isomorphic to the cyclic group of order 9p(p − 1). As before, 0 will stand for the identity in both F + and Z 9 and e will denote the multiplicative identity in F * . For any x ∈ F * let a x = (x, Consider the generating set X of G of the form If z = 1 we only need to consider x ̸ = y, in which case we use the product (x, y, 1) = (y, y, 1)(x − y, e, 0) = a y b x−y . We have shown that the Cayley graph C (G, X ) has diameter 2 and our theorem follows.
This construction gives Cayley graphs of cyclic groups that have diameter 2, degree d = 5p − 3 for primes p ≡ 2 mod 3, and order 9p(p − 1) ≈ (9/25)d 2 = 0.36d 2 . We do not know any construction which would give a multiplicative constant better than 9/25 for diameter 2 Cayley graphs of cyclic groups. In order to have similar results for a variety of other degrees we present another construction, giving a slightly worse multiplicative constant. For any x ∈ F , x ̸ = 0, let a x = (x, x, 1) and b x = (x, e, 0). Note that in our group G we have a
For any x ∈ F + and y ∈ F * such that x ̸ = 0 and y ̸ = e, letting u = (y − e) −1 it is easy to see that the element (x, y, 0) ∈ G can be expressed as a product of two elements of X 1 in the form
Moreover, allowing also the element b 0 = (0, e, 0) which is the identity of G (and can be discarded if it appears in our products), for any x ∈ F + and y ∈ F * we have
and since X 1 is closed under taking inverses we have a similar expression for (x, y, −1).
It follows that of all elements of G, the only ones which cannot be written as the product of at most two elements of X 1 are those of the form (0, y, 0) where y ∈ F * , y ̸ = e. To fix the situation, let r = ⌈ √ p − 1⌉ and let A = {±1, . . . , ±⌊r/2⌋} and B = {±1, . . . , ±(⌈(p − 1)/r⌉ − 1)}. Further, let t be a generator of the (cyclic) group F * and let X 2 = {(0, t j , 0); j ∈ A} ∪ {(0, t kr , 0); k ∈ B}. Since every element of F * can be written as t α+βr where α ∈ A ∪ {0} and β ∈ B ∪ {0} (just think in terms of the positional system base r in F * ∼ = Z p−1 ), for any y ∈ F * \ {1} the element (0, y, 0) is a product of at most two elements from X 2 . Therefore, letting X = X 1 ∪ X 2 , the Cayley graph C (G, X ) has diameter two; its degree and order are as stated in the statement of our theorem.
This result gives, for degrees of the form
We remark that the same type of constructions for cyclic groups can be used to obtain results for different sets of degrees by adding generators, as explained in the previous section.
Cayley graphs of metacyclic groups
In this section we go beyond Abelian groups. It is, of course, disputable which non-Abelian groups have 'simplest structure' but quite often one considers metacyclic groups, or, equivalently, semidirect products of a pair of cyclic groups, in such a situation. As our last result we present a construction of large Cayley graphs of metacyclic groups for general degree and diameter. The construction was inspired by the one given in [11] for non-metacyclic groups. -element generating set X such that any element of G is the product of at most k elements of X . This is equivalent to showing that C (G, X ) is a Cayley graph with diameter k, degree
. . , x k−1 between −t and t inclusive with
. Then we may write diameter at most k, and an easy reflection on the above products shows that its diameter is, in fact, equal to k.
Conclusion
Determination of the parameters CC (d, This observation, however, has to be taken with great reservation. Namely, most of the computational data in [15] were obtained using very restricted classes of groups, such as semidirect products of cyclic groups, and even within this class degrees up to 20 may not show any general tendency. Also, there may be limitations to the use of solvable groups in the Cayley version of the degree-diameter problem similar to those for constructions of cages, cf. [4] . There is one more interesting connection to be mentioned. By [13] , the largest currently known vertex-transitive nonCayley graphs of degree d and diameter 2 have order 8 9 (d + In contrast with the above, let us remark that the problem of determining the largest order of a directed Cayley graph of a given degree has an easy solution at least for diameter 2 and degrees d = q − 1 where q is an arbitrary prime power.
Indeed, letting F + and F × be the additive and the multiplicative group of the field GF (q), consider the directed Cayley graph C (G q , X ) for the one-dimensional affine group AGL (1, q) 
It is easy to check that C (G q , X ) has diameter 2, degree q − 1, and order q(q − 1), which is the largest possible order for this degree and diameter by [2] .
We conclude with pointing out that the topic of this paper has an interesting group-theoretic interpretation stemming from an old problem in additive combinatorics. Observe that the diameter of a (directed or undirected) Cayley graph C (G, X )
is k if and only if k is the smallest number such that every non-identity element of G not in X is a product of at most k elements from X . Adjoining the identity to the generating set if necessary, one is essentially looking for the minimal size of a subset X of a group G such that all the products of h elements from X cover G. Such sets have been known as h-th order bases of G or, simply, h-bases; see [1] . The facts outlined in the previous paragraph can now be stated in terms of 2-bases of groups as follows: The set Y = X ∪ {(0, 0)} is a 2-basis for G q with the constant c 2 'arbitrarily close to 1' in the sense that for any ε > 0 there exists an m(ε) such that for any prime power q > m(ε) we have |Y | < (1 + ε)|G q | 1/2 . For completeness, let us mention that the study of h-bases was initiated in 1937 when Rohrbach [17, 16] asked if for each h ≥ 2 there is a constant c h such that every finite group G has a h-basis of size at most c h |G| 1/h . For h = 2 the question has been answered in the affirmative [6, 8] , with c 2 = 4/ √ 3, in both papers with the help of the Classification of the Finite Simple Groups. For h ≥ 3 there are a number of results on the existence of c h for various restricted classes of groups [16, 9, 1] but the question is still open in general. Unfortunately, these facts and the corresponding methods cannot be used in our context, for two reasons. First, in the above terms, we are interested in small h-bases that are inverse-closed. It appears that this restriction has never been considered in the study of bases. Second, in order to obtain good lower bounds for our parameter C (d, k) we are interested in examples of infinite classes of groups giving as small constants c h as possible, which, again, appears not to have been considered.
